
 

MATH 2050 Subsequences Bolzano Weierstrass 1hm

Reference Bartle 3.4

Def'd Let fXnDneµ be a seq of real numbers

Suppose his Nzs NzC be a strictly increasing seqofnaturalno

THEN

Kha ke Kh Xnz Xn

1
is called a subsequence of Xn new K termof Xun

u
hathterm of Gcn

Intuitively

Xn Kc Xz Xz Ky Ko Ko
b b al f

Inn X a Kz Ky 16
k I k Z h 3 h 4
n I hee n3 44 Nye66

E g Tail of aseq For each fixed l eCN then

the L tan Kree is a subsequence of Xn aan

Here Mr Rtl

Eg xn C 11

Then 1 I 1 1 is a subseq



Thin Suppose LingXu x Then evezy subseq Ink of Gcn

also converges to the same limit ie lim
ksooKkk

X

Proof Note hp k for all k C IN by induction

Let Eso be fixed but arbitrary

lim Xu x 7 K E IN SE I kn k l c E V n K
n N

By Ncte above when K Z K then Nk z k K Thus

IXnn x I s E t k 3 K
b

Example Show that Liz C 1 for C 1

Pf Lef Zn CT Then by induction

Zn is decreasing and bold below by 1

By MCT Lim Zn 2 exists
nsoo

Consider the subseq Zhu h 22K by Thur above

lim Zuk Z
zu 1 th

EINk 20

Now 2 zu C CT E Zn T rejected

Take n 100 on both sides we have 2 TE 2 Of or 1
b



In summary
MCT un monotone bold xn convergent

Thm Xu convergent Xu bold
x

Thur xn convergent ANY subseq Kuk of Gcn

converge to the SAME limit

Take negation yields two divergence criteria

Cor Xu unbdd xn divergent

Gr Either 7 Subseq Kuk which is divergent
or 7 two subseq Ink and Knp St

7 Genki ft LimaGenii

xn divergent

Example 1 is divergent since 7 two subseq

1.1 1 1 1 1

1 1 1 1 1 1

Example cos o 1 O 1 o 1 0,1

7 Subseq 0,0 O 7 O

C 1 1 1 I divergent originalseq is
divergent

Example Gen O 1 o 2,0 3 0 O h c divergent

since 7 SubSeg 1 2,3 4 n Unbedd divergent



Recall xn divergent kn DOES Not converge

to 2C for ANY X ECR

Thm fix 2C E CR Then
after xn

divergent

xn does NII converge to K of Gen K a

I Eo 20 ANI a subseq Xue of Xn Et

V R E INI Kuk XI 3 Eco

Proof Recall

tim Cocu x V E 20 7 K KCE C IN et

h i I kn k l C E th 3 K

Negate the above
1 Eo o st H k e IN Sfxn doesNot

converge to X I n s K se I kn k l 3 EoK K

Take K 1 choose n 31 s t Xn K l 3 Eo

Take K n t 1 choose na Z h 11 Et Muz X l 3 Eo

repeat Kuk kc.in Et Xue X l 3 Eo
vs

Recall MCT xn bdd monotone Gcu convergent

E.g kn C 1 bold but Not monotone Not convergent

Q what if xn is ONLY bold



compactness

Bolzano Weierstrass Thm BWI MATH30701

xn bdd 7 Subseq Ink which is convergent
1 But not unique

Example Xn C 1 has a convergent subseq

namely Kak 1,1 1,1 1

another choice Kak1 1 1 1 1 1

Proof We will prove it using Nested Internal Property NIP

Recall I Z Iz 2 Is 2 nested closed d bold

E Into It.IE EEIY5Y
Goal Construct In inductively satisfying thehypothesis above

Given a bold seq Xu by def 7 M so s t 13cal EM then

i e th EN kn E M M I Cai b

N'lymans kn
M LL s L t t m

a o o o e

ay Ib
7 B

Ar Iz bz

Do method of bisection

A t b lConsider the midpoint 2
then

Case1 a
a't

contains infinitelymany terms of Gcn
a tb

choose Iz a 2 Caz.bz

Case2 Otherwise choose Iz a zb b az.bz



Aztbz
Repeat the process take a midpt 2

choose I3 as.bz

Inductively we obtain a seqof internals

I Z Iz Z Iz Z Ice 2 nested closed bad

St each In contains infinitelymany terms of Gcn

Length In 2277 0 as u N

By NIP If In I

Claim I subseq Kuk 3

Pf Take any Xh E I then since Iz contains

infinitelymany terms of Gcn

and we can choose he N Et Xn G Iz
M keep on doing this we obtain h C n z C n z c n Srt

Ink C Ik Car be V K G IN

i e Ai E Xue E b k V kC IN
oo

Now N In f himAk limbic
n

By SqueezeThin we have Efim knee

o



As an application of BWT we prove

PIP Let caul be a banded sequence
Xu X 4 7 ANY convergent subseq acne has himCknw X

mm mm k sa

proofs DONE

Suppose NOT ie Xu does Not converge to SC

By earlier thin 7 Eo 20 a subseq Xna Et

IXnk 3C I 3 Eo tf k C IN Ct

ByBWT Kuk bold 7 Convergent subseq GCnkele of Genk

C xn bdd which is also a subserfof Gcn u

Byhypothesis lim knee 2C Contradicting I
e so is


